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Abstract. We present the complete classification of the subgroup of the clas-
sical knot concordance group generated by prime knots with eight or fewer
crossings. Proofs are presented in summary. We also describe extensions of
this work to the case of nine crossing knots.

1. Introduction

Recall that knots K and J in S3 are called concordant if there is a smooth
embedded disk in B4 with boundary K#− J . The set of equivalence classes under
this relation forms the smooth concordance group C, an abelian group with addition
induced by connected sums. Initial work by Fox and Milnor [9] and Musasugi [23]
developed obstructions that were sufficient to prove that the figure eight knot, 41,
represents a nontrivial element of order two in C and that the trefoil, 31, is of infinite
order.

The analysis of the information carried by the universal abelian cover of a knot
complement (called the algebraic information) culminated with Levine’s defini-
tion [18] of a homomorphism φ from C onto the algebraic concordance group G,
a group isomorphic to Z∞

2 ⊕ Z∞
4 ⊕ Z∞. The nontriviality of the kernel of φ was

proved by Casson and Gordon [1].
Since then, techniques of increasing effectiveness have been developed to study

C. For the most part, these have been applied to consider individual knots or
to study specified families of knots, for instance, two-bridge knots [1], pretzel
knots [8, 12], positive knots [25], and Whitehead doubles [4, 5, 13]. Beyond these
examples, throughout the study of concordance investigators have built families
of knots specifically designed to realize newly discovered invariants; two examples
among many are [6, 11]. Despite these many advances, the classification problem
for C remains far out of reach.

Our goal is to approach the general classification by completing the classification
for the subgroup generated by prime knots of eight or fewer crossings. In doing
so, we will illustrate the effectiveness of twisted Alexander polynomials to resolve
previously unmanageable examples of potential concordances. In the appendix we
will summarize results of the first author [3] for the much larger group generated
by prime knots of nine and fewer crossing knots.
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One might ask precisely what is meant by classification. From the perspective
of fully understanding knot concordance, at the very least this needs to include an
algorithm to determine if a given linear combination of low crossing number knots
is trivial. But in addition, the classification should identify the order of an element
and its value in the algebraic concordance group G under Levine’s homomorphism
φ. Here is a summary statement. The full result, filling in details concerning
orientation issues, will be provided in the next section.

Theorem 1. There are 36 oriented prime knots of eight or fewer crossings. These
knots generate a subgroup C8 ⊂ C isomorphic to (Z18⊕Z6

2)⊕(Z5⊕Z2). The first of
the two summands, (Z18 ⊕ Z6

2), maps injectively into G; for the second summand,
the Z5 has image in G isomorphic to Z4 ⊕ Z3

2 and the Z2 maps trivially to G.

The proof of this theorem is such that determining the concordance class of any
linear combination of prime knots, each of eight or fewer crossings, is completely
algorithmic. In fact, an online calculator developed by the first author, available at
KnotInfo [2], permits one to easily determine the concordance properties, including
the image in the algebraic concordance group G, of any given linear combination of
prime knots with eight or fewer crossings.

1.1. Topological concordance. The topological concordance group Ctop is de-
fined via topologically locally flat concordances rather than smooth concordances.
There is a surjection C → Ctop; the kernel is nontrivial, including all knots of Alexan-
der polynomial 1 [10]. The methods of this paper all apply in the topological setting,
and thus Theorem 1 holds with smooth replaced by topological concordance.

Perhaps the first distinction between the two categories occurs with the knot
1131, which has smooth four-genus 2; it has Rasmussen invariant, as defined in [24],
s(1131) = −4, and in general, 2g4(K) ≥ |s(K)|. On the other hand, Stoimenow
constructed a genus one cobordism to an Alexander polynomial one knot, and thus
1131 has topological four-genus at most 1. Its classical signature is −2, and thus
its topological four-genus is exactly 1.

1.2. Classification of nine crossing knots. The concordance classification of
nine crossing knots is not complete. In the Appendix we discuss progress made by
the first author in classifying the subgroup generated by prime knots of nine or fewer
crossings. That classification awaits further work before publication. The remaining
unknown cases provide a provocative set of examples for further investigation, as
summarized with the following problem.

Problem. The five knots 2(92 − 74), 821 − 818 − 31, 923 − 92 − 31, 9r
32 − 932, and

940 − 818 − 41 − 31 are each algebraically slice and of infinite order in C. Are they
linearly independent in C? Are they linearly independent in Ctop?

There is little evidence as to whether these knots are independent, and thus we
make no conjecture. The unresolved cases might provide examples in which smooth
and topological concordance differ, but as of yet, no known obstructions have suc-
ceeded with these knots. In the case that they are independent, the following would
correspond to Theorem 1.

Possible concordance classification. There are 87 oriented prime knots of nine
or fewer crossings. These knots generate a subgroup C9 ⊂ C isomorphic to (Z46 ⊕
Z6

2)⊕ (Z23⊕Z2). The first of the two summands, (Z46 ⊕Z6
2), maps injectively into
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G; for the second summand, the Z23 has image in G isomorphic to Z2
4 ⊕ Z13

2 and
the Z2 maps trivially to G.

2. Statement of classification

There are 36 prime knots of eight or fewer crossings; every knot of eight or fewer
crossings can be expressed as a connected sum of these prime knots. In this count,
we include only one knot from each pair {K, mirror(K)} for those knots K which
are reversible, since the mirror image with its orientation reversed represents −K
in C. However, there is one nonreversible knot, 817, so for completeness we must
include 817 and 8r

17 in the count. Thus, the set of knots we consider is

31, 41, 5{1−2}, 6{1−3}, 7{1−7}, 8{1−21}, 8
r
17.

Let F denote the free abelian group generated by these 36 knots. Levine provided
a classification result for G based on a set of explicit invariants (enhanced slightly
in [19, 21] to consider four torsion). Using this, an initial decomposition becomes
available.

Lemma 2. There is a direct sum decomposition F = F∞⊕F4⊕F2⊕F1, with sum-
mands of rank 18, 1, 9, and 8, respectively. The group F∞ maps to a summand of G
isomorphic to Z18; F4 and F2 map onto complementary summands of G isomorphic
to Z4 and Z9

2, respectively; F1 maps trivially to G.

The next three results will be seen to be consequences of Casson-Gordon theory.

Lemma 3. The group F4
∼= Z injects into C.

Lemma 4. The group F2 has a further decomposition as F∞
2 ⊕ F2

2 , of ranks 3
and 6, respectively. The group F∞

2 maps onto Z3 ⊂ C and F2
2 maps surjectively to

Z6
2 ⊂ C.

Lemma 5. The group F1 has a further decomposition as F∞
1 ⊕F2

1 ⊕F1
1 , of ranks

1, 1 and 6, respectively. The group F∞
1 maps isomorphically onto Z ⊂ C, F2

1 maps
onto Z2 ⊂ C, and F1

1 maps trivially to C.

With these groups defined, the classification is essentially completed by describ-
ing the bases of each of these summands.

Theorem 6. Bases for the subgroups described in the previous lemmas are given
in the following list. (For clarity and consistency we write F∞

∞ for F∞ and F∞
4 for

F4. In this way, subscripts indicate orders in G and superscripts give the order in
C.)

• F∞
∞ : 31, 5{1,2}, 62, 7{1−6}, 8{2,4,5,6,7,14,16,19}

• F∞
4 : 77

• F∞
2 : 81, 813, (815 − 72 − 31)

• F2
2 : 41, 63, 8{3,12,17,18}

• F∞
1 : (821 − 818 − 31)

• F2
1 : (817 − 8r

17)

• F1
1 : 61, 8{8,9,20}, (810 + 31), (811 − 31)
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3. Examples

Two examples illustrate how the previous theorem provides a complete classifi-
cation.

3.1. K = 810#821. Consider the knot K = 810#821. Writing K in terms of the
bases given above, we have

K = (810#31)#(821# − 818# − 31)#818,

the sum of generators of F1
1 , F∞

1 and F2
2 . Thus, K maps to an element of order

two in G and represents an element of infinite order in C.

Remark. Both 810 and 821 have nontrivial signature functions, identical to those
of 31 and −31, and so individually have infinite order in C. However, the sum
has trivial signature function, and thus it represents a torsion element in G. Their
Alexander polynomials are the same as those of 31#31#31 and 31#41, respectively.
Thus, 810 and 821 are distinct in C, since the product of their Alexander polynomials
is not of the form f(t)f(t−1) for some f (the Fox-Milnor [9] obstruction to being
slice). Proving that this knot is of infinite order in C is more challenging; the
only proof we know depends on a careful analysis of branched covers and twisted
Alexander polynomials.

3.2. K = 8r
17#821# − 31. In this case, we rewrite K as

K = −(817 − 8r
17) # 817 # (821# − 818# − 31) # 818.

The four knots in this decomposition are in F2
1 , F2

2 , F∞
1 , and F2

2 respectively.
From this it follows that K is of algebraic order two, but is of infinite order in
concordance.

3.3. Calculator. As these examples illustrate, the problem of determining the
(algebraic) concordance class of a knot and its order has been reduced to simple
linear algebra. A program, accessible via the Internet, has been written to imple-
ment the algorithm. The reader is invited to visit the “Concordance Calculator”
posted on KnotInfo [2] to generate more examples.

4. Algebraic classification

The definitions of F∞, F4, F2, and F1 are algebraic, depending only on the image
of the sets of knots in the algebraic concordance group G. Levine’s classification of
G is for the most part algorithmic and thus the problem of identifying the image of
F in G follows from his work.

We recall briefly one of the key features of Levine’s classification. The group G is
defined as certain equivalence classes of Seifert matrices VK with block sum as the
addition. For any field F containing Q, one defines a group GF which G maps onto.
For F = Q, GF = G. There is a decomposition GF

∼= ⊕f(t)Gf(t) where the f(t) are
taken from the set of distinct F–irreducible symmetric Alexander polynomials. A
knot maps to summands corresponding to factors of its Alexander polynomial.

For F = R, the real numbers, the relevant polynomials f are irreducible quadrat-
ics having roots on the unit circle. Each of the corresponding summands is isomor-
phic to Z. To a knot K with Seifert matrix VK and a polynomial f having its roots
at e±2πiθ, one assigns the integer which is the jump in the signature function

σω(K) = σω(VK) = signature
(
(1 − ω)VK + (1 − ω)V t

K

)
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as ω moves through e2πiθ on the unit circle. The intersection of the kernels of the
collection of these integer valued invariants over all such quadratics f is precisely
the torsion in G. This kernel can also be described as the subgroup of G generated
by those VK so that σω(VK) is zero for all but finitely many ω. The full set of
invariants that detect the two and four torsion arise from considering the fields
F = Q(p), the p–adic completions of Q. For low crossing number knots, this p–adic
analysis can largely be avoided.

4.1. Slice knots: F1
1 . The first step in producing the decomposition of Theorem

6 is to isolate the known slice knots, that is, knots that represent 0 in C. The first
four elements of F1

1 can be quickly seen to be slice. The triviality of 810#31 and
821# − 31 in C was observed by Conway in [7]. It is a consequence of the results
described here that there are no other such relations.

4.2. Infinite order elements and the signature function: F∞
∞ . Since jumps

of the signature function occur only at roots of the Alexander polynomial, for
any finite set of knots, one can determine the image of the signature function by
evaluating it at a set of points that includes a number on the unit circle between
any two such roots of any of the Alexander polynomials that arise. For the current
calculation and that for nine crossing knots, there are only 70 roots of Alexander
polynomials on the upper unit half circle. Hence, evaluating the signature function
at the midpoints of the circular segments joining those roots gives a homomorphism
from F to Z70 whose kernel maps by φ to torsion in G.

It is now an exercise in elementary linear algebra to identify the set F∞
∞ as

mapping to a generating set of the free part of the image of C in G and that the
remaining summands map to torsion in G.

4.3. Torsion in G. We now describe the image of the subgroup generated by
F∞

4 , F∞
2 , F2

2 , F∞
1 and F2

1 in the torsion of G. Levine’s paper [18] provided a com-
plete set of invariants of algebraic concordance. These included invariants arising in
GQ(p)

for all p–adic completions Q(p) of Q, but in [21] it was shown how to reduce
the set of primes to a finite collection. In [19] there was a further reduction, leading
to effective means of determining the algebraic order of a knot. The knots we are
considering fall to those techniques, so we only summarize the required work here.

4.3.1. F2
1 , F∞

1 . We most quickly dispense with F2
1 and F∞

1 . Since a knot and its
reverse represent the same element in G, 817−8r

17 is algebraically slice, that is, maps
to zero in G. (One proof of this follows from a theorem of Long [22]. For any knot
K, the knot K# − Kr is “positive amphicheiral”, meaning there is an orientation
reversing involution of S3 inducing an orientation preserving homeomorphism of
K# − Kr. According to [22], such knots are algebraically slice.) The analysis
for 821 − 818 − 31 is a bit more detailed. However, the Alexander polynomials of
821, 818, and 31 factor into irreducible quadratics, and for these Levine’s criteria
simplify, as described in [18], from which one can readily show that 821 − 818 − 31

is algebraically slice; more details are presented in Section 6.

4.3.2. F∞
4 , F∞

2 , F2
2 . The group G splits as a direct sum ⊕p(t)Gp(t) where the p(t)

are distinct irreducible symmetric rational polynomials; a knot maps to summands
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corresponding to factors of its Alexander polynomial. Here is a list of the Alexander
polynomials that arise.

• 77: 1 − 5t + 9t2 − 5t3 + t4

• 81: 3 − 7t + 3t2

• 813: 2 − 7t + 11t2 − 7t2 + 2t4

• 815 − 72 − 31: (1 − t + t2)2(3 − 5t + 3t2)2

• 41: 1 − 3t + t2

• 63: 1 − 3t + 5t2 − 3t3 + t4

• 83: 4 − 9t + 4t2

• 812: 1 − 7t + 13t2 − 7t3 + t4

• 817: 1 − 4t + 8t2 − 11t3 + 8t4 − 4t5 + t6

• 818: 1 − 5t + 10t2 − 13t3 + 10t4 − 5t5 + t6

Since each of these knots maps to a distinct summand of G, we need only consider
the order of the image of each individually. A few quick observations simplify the
work. First, with the exception of 815 −72−31, all the polynomials are irreducible,
and in particular none are of the form f(t)f(t−1), so each maps nontrivially to G.
Second, the knots in F2

2 are all (negative) amphicheiral and so are of order at most
two in C, and since they map nontrivially to G, they have order two in C as well.

It remains to consider the first four knots on the list. According to Levine
(see [18] for details), four torsion is detected by primes congruent to 3 mod 4
dividing |∆(−1)|. The precise conditions immediately show that 77 is of order four,
while 81 and 813 are of order two in G. The last case, the knot 815 − 72 − 31, is the
most subtle. Knots with these Alexander polynomials can represent four torsion in
G, but since the polynomial exponents for this knot are even, the knot must map
either trivially or to two torsion. The nontriviality is detected working with the
prime 11. In Section 6 more details will be presented.

5. Algebraically slice knots and twisted Alexander polynomials

It remains to understand the algebraically slice knots represented by elements in
F . The subgroup of such knots is generated by 4F4, 2F2, and F1. We have already
observed that F1

1 and 2F2
2 represent trivial elements in C. Thus, we are reduced

to considering 4F∞
4 , 2F∞

2 , F∞
1 and F2

1 . Here is the list of knots, with names now
attached for later discussions.

• 4F∞
4 : K1 = 4(77)

• 2F∞
2 : K2 = 2(81), K3 = 2(813), K4 = 2(815 − 72 − 31)

• F∞
1 : K5 = 821 − 818 − 31

• F2
1 : K6 = 817 − 8r

17

Individual knots in this subgroup have been discussed in previous articles: that
77 is of infinite order in C is a consequence of Casson-Gordon theory, as presented
in [20]; the nontriviality of 817−8r

17 was among the first applications of the twisted
Alexander polynomials viewed as a discriminant of a Casson-Gordon invariant,
in [16]. Twisted polynomials were used in [26] to prove that 2(813) is not slice, and
further Casson-Gordon techniques were applied to show that 81 is of infinite order.



This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.

THE CONCORDANCE CLASSIFICATION OF KNOTS 4531

5.1. Twisted Alexander polynomials as slicing obstructions. Let Mq(K)
denote the q–fold branched cover of S3 branched over K, where q is a prime power.
For each prime p and homomorphism ρ : H1(Mq(K)) → Zp, there is a twisted
Alexander polynomial, ∆K,ρ(t) ∈ Q[ζp][t, t−1]. In [15] this polynomial is shown
to be related to a Casson-Gordon invariant of K. In particular, if K is slice,
then for certain ρ, it is shown that ∆K,ρ(t) factors as af(t)f(t−1) for some f(t) ∈
Q[ζp][t, t−1], where a is some unit in Q[ζp][t, t−1].

Restricting the set of characters that one must consider is one of the most chal-
lenging aspects of the computations. In brief, there is a linking form on the first
homology group of the branched cover and there is also a Zq action on this group.
The appropriate set of characters is given by linking with elements in a subgroup of
the homology of the cover, and this subgroup should be invariant under the group
action and be self-annihilating with respect to the linking form. Details can be
found in [16].

The computation of ∆K,ρ is completely algorithmic; in [14] methods were devel-
oped that ensured the rapid computer calculation of these polynomials, sufficient
to work with all prime knots of 12 or fewer crossings. For any individual knot,
one can often enumerate the possible ρ that must be considered and carry out the
computation. The problem of showing linear independence was considered in [17],
where the methods were developed that could isolate properties of the necessary
families of characters ρ; these methods were applied to families of knots specifically
designed to be accessible by the new techniques.

5.2. The homology of the covers. Fortunately, for the knots of interest, a large
number of primes occur in considering only the 2–fold and 3–fold branched covers.
Here are the needed results.

• |H1(M2(77))| = 3 · 7
• |H1(M2(81))| = 13
• |H1(M2(813))| = 29
• |H1(M2(815))| = 3 · 11
• |H1(M2(72))| = 11
• |H1(M2(31))| = 3
• |H1(M2(821))| = 3 · 5
• |H1(M2(818))| = 32 · 5
• |H1(M2(817))| = 37 |H1(M3(817))| = 132

5.3. Summary calculation. Suppose a linear combination of the knots a1K1 +
a2K2 + a3K3 + a4K4 + a5K5 + a6K6 = 0 ∈ C. Working with the 2–fold covers
and the primes 7, 13, and 29 lets one conclude that the coefficients a1, a2 and a3

all are zero. Because K6 = 817 − 8r
17, it turns out that working with the prime 37

does not imply that a6 = 0. However, this is the only knot in the list for which 13
appears in the 3–fold cover, and as described in [16], this is sufficient to show that
the coefficient a6 = 0. (Actually, since K6 is of order two, one shows only that a6

is even.)
At this point, one need only consider combinations a4K4 + a5K5. The primes

11 and 5 let one reduce this to considering each knot individually, for which an-
other computation of twisted Alexander polynomials, along with detailed work at
identifying possible metabolizers, completes the project. A few more details are
presented in the next section.
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6. Model classification theorem

In this section we will illustrate the general procedure used to attain the eight
crossing classification by carrying out the classification for a smaller subset of knots.
These knots were chosen because their analysis entails most of the necessary steps
while avoiding the lengthy computations. If knots have relatively prime Alexander
polynomials, the work usually is simplified, so we have selected these knots to share
polynomial factors. These examples skirt two difficult issues, reversibility and four
torsion in G. The first is dealt with in detail for the one relevant knot among
eight crossing knots in [16]. With respect to four torsion, the algebraic issues are
presented in [18, 19, 21]; the only relevant example is 77, which is of infinite order
in C and of algebraic order four, as discussed in detail in [20]. These examples also
provide an opportunity to discuss two issues regarding numerical approximation
that arise.

We consider the set consisting of the following six knots, listed with the homology
of the 2–fold branched cover, H, and the irreducible factorization of the Alexander
polynomial, ∆. We let the subgroup they generate in C be denoted D.

• 31: H = Z3; ∆ = 1 − t + t2.

• 72: H = Z11; ∆ = 3 − 5t + 3t2.

• 810: H = Z27; ∆ = (1 − t + t2)3.

• 815: H = Z3 ⊕ Z11; ∆ = (1 − t + t2)(3 − 5t + 3t2).

• 818: H = Z3 ⊕ Z3 ⊕ Z5; ∆ = (1 − t + t2)2(1 − 3t + t2).

• 821: H = Z3 ⊕ Z5; ∆ = (1 − t + t2)(1 − 3t + t2).

Infinite order elements in G: Of the three irreducible polynomials that appear
in these factorizations, two, 1− t+ t2 and 3−5t+3t2, have roots on the unit circle.
Since these polynomials are quadratic, this is quickly checked, but we note it can
also be determined numerically. The existence of a nonreal root close to the unit
circle can be verified numerically. But for a symmetric real polynomial, if α is a
nonreal root close to, but not on, the unit circle, then 1/α is a distinct nearby root.
Such a root could be approximated numerically; if it doesn’t exist, then α is on the
unit circle.

The two roots of the polynomials are approximately at α = e.333πi and β =
e.186πi. Thus we select the numbers A = e.25πi and B = e.5πi and compute the
value of the signature functions at these points. Again we can work numerically;
the signature function is defined for all complex numbers, not just those on the unit
circle, and is constant on the domains complementary to the (real) lines through
1 and the roots of the unit circle. Thus, the values are stable under small pertur-
bations away from these lines. The values of the signature function at A and B
(denoted σA and σB) are as follows.

• 31: σA = 0,σB = −2.

• 72: σA = −2,σB = −2.

• 810: σA = 0,σB = 2.

• 815: σA = −2,σB = −4.

• 818: σA = 0,σB = 0.

• 821: σA = 0,σB = −2.
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We now make a change of basis, forming a new set of six knots as follows.

• 31: σA = 0,σB = −2.

• 72: σA = −2,σB = −2.

• 818: σA = 0,σB = 0.

• 810 + 31: σA = 0,σB = 0.

• 815 − 31 − 72: σA = 0,σB = 0.

• 821 − 31: σA = 0,σB = 0.

Thus, the first two knots on this list map to a free subgroup of rank two in G
and the others split off a summand of D mapping to torsion in G. We relist them
with their Alexander polynomials.

• 818: H = Z3 ⊕ Z3 ⊕ Z5; ∆ = (1 − t + t2)2(1 − 3t + t2).

• 810 + 31: H = Z27 ⊕ Z3; ∆ = (1 − t + t2)4.

• 815 − 31 − 72: H = Z3 ⊕ Z ⊕ Z11 ⊕ Z11; ∆ = (1 − t + t2)2(3 − 5t + 3t2)2.

• 821 − 31: H = Z3 ⊕ Z3 ⊕ Z5; ∆ = (1 − t + t2)2(1 − 3t + t2).

Since 818 and 821 − 31 have Alexander polynomials with the factor 1 − 3t + t2

having odd exponent, they both map to elements of order two in G. Thus, we
perform a further change of basis, replacing 821 − 31 with 821 − 818 − 31 so that it
now clearly represents either 0 or an element of order two distinct from 818 in G.
Also, we note that 818 is amphicheiral and so represents an element of order 2 in
C. We can also now use the fact that a simple concordance from 810 to −31 has
been constructed, so that 810 + 31 represents 0 in C. Thus, the problem is reduced
to considering the following pair of knots.

• J1 = 815 − 31 − 72: H = (Z3)2 ⊕ (Z11)2; ∆ = (1 − t + t2)2(3 − 5t + 3t2)2.

• J2 = 821 − 818 − 31: H = (Z3)4 ⊕ (Z5)2; ∆ = (1 − t + t2)4(1 − 3t + t2)2.

These knots each represent elements of order at most two in G. Whether they
are trivial or not can be detected by considering the linking form on the 2–fold
cover. To do this, one needs to consider the form defined by (V + V t)−1 on the
first homology, where V is a Seifert matrix. For the first knot, J1, restricting to
the 11–torsion, the form is diagonal, with diagonal entries (− 1

11 , 2
11 ). Since 2 is

not a square modulo 11, the form is not metabolic, and thus the knot represents
a nontrivial element of order 2 in G. On the other hand, for the second knot,
J2, all torsion invariants vanish; in particular, the linking form on the 5–torsion is
diagonalized as ( 1

5 , 1
5 ), which is Witt trivial, since −1 is a square modulo 5. Similar

considerations based on Levine’s computations show that J2 is algebraically slice.
It remains to prove the independence of J1 and J2 in C. This is done by con-

sidering twisted Alexander polynomials at the primes 5 and 11. For these knots it
suffices to consider the 2–fold branched covers, M2(K), for each appropriate K. For
any knot K and a homomorphism χ : H1(M2(K)) → Zp there is defined a twisted
Alexander polynomial ∆K,χ(t) ∈ Q[ζp][t, t−1]. If K is slice, then for appropriate χ
related to a metabolizer of the linking form on M2(K), these polynomials factor as
norms, af(t)f(t−1) for some f .

Suppose that aJ1 + bJ2 = 0 ∈ C. Then 2aJ1 + 2bJ2 = 0, and since 818 is
amphicheiral, by expanding J1 and J2 we see that (2a815 − 2(a + b)31 − 2a72) +
b821 = 0. Consider a character χ to Z5. Since the only one of these knots which has
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five torsion in the 2–fold cover is 821, we conclude that for appropriate constants,

∆31,0(t)
x∆72,0(t)

y∆815,0(t)
z∆821,0(t)

w∆821,χ(t)m∆821,2χ(t)n

is a norm. The factors ∆0 are twisted polynomials corresponding to the triv-
ial representation and are determined by the Alexander polynomial. The twisted
polynomials for characters χ and 2χ arise from the summands of the branched
cover on which the given character agrees with ±χ or with ±2χ, respectively. The
exponents x, y, z, w, m, and n are determined by a corresponding element in the
metabolizer. For the two polynomials of greater interest, one computes:

∆821,χ(t) = t2 − 3(ω3 + ω2 + 1)t + 1,

∆821,2χ = t2 − 3(ω4 + ω + 1)t + 1.

(Notice that these polynomials are self-conjugate and are not conjugate to each
other. For instance, their product is not a norm.)

At this point, one must undertake a technical analysis of possible metabolizers
of the linking form. Here is a summary. The relevant linking form is defined on
(Z5)2b. Any metabolizer is of rank b, generated by b vectors in (Z5)2b. These
vectors can be viewed as the rows of a b × 2b matrix with entries in Z5. A change
of basis permits one to write the matrix in the form (I E) where I is an identity
matrix and E is nonsingular. There is the following result, Lemma 5.14 of [17].

Proposition. Let E be a nonsingular k × k matrix over Zp for a prime p > 2.
Suppose that the subspace of (Zp)2k spanned by the rows of the k×2k matrix (I E)
contains no odd vectors (that is, every vector in this span has an even number of
nonzero entries). Then E is obtained from a diagonal matrix by permuting the
columns.

From this one can conclude that for some metabolizing element, in the corre-
sponding twisted polynomial one of the exponents m or n is necessarily odd. For
the given polynomials this implies the product of polynomials cannot be a norm,
which it would be if the knot were slice.

It follows that b = 0. A similar argument, using the prime 11, implies that a = 0,
but somewhat more care is required because the prime 11 is a factor of the orders
of the homology of the 2–fold covers of both 72 and 815.

Combining these observations, we summarize with the following.

Summary. Let F denote the free abelian group generated by the knots 31, 72, 810,
815, 818, and 821. Then F splits into the direct sum of subgroups, with genera-
tors as indicated. The subscripts indicate the algebraic order of elements and the
superscripts the concordance order.

• F∞
∞ : 31, 72

• F∞
2 : 815 − 72 − 31

• F2
2 : 818

• F∞
1 : 821 − 818 − 31

• F1
1 : 810 + 31
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Appendix. Nine crossing knots

The analysis of the subgroup of C generated by prime knots of nine or fewer
crossings was undertaken in the Ph.D. thesis of the first author, available at [3]. In
this case there are 87 knots to consider, including three arising from nonreversible
knots: 8r

17, 9
r
32 and 9r

33. There are again seven relevant subgroups of the free abelian
group F generated by these 87 knots (with superscripts indicating their order in C
and subscripts the order in G):

• F∞
∞ : 31, 51−2, 62, 71−6, 82, 84−7, 814, 816, 819, 91−2, 94−7, 99−11, 913, 915,

917−18, 920−22, 925−26, 931−32, 935−36, 938, 943, 945, 947−49

• F∞
4 : 77, 934

• F∞
2 : 81, 813, (815 − 72 − 31), (92 − 74), (912 − 52), 914, (916 − 73 − 31),

919, (928 − 31), 930, 933, (942 + 85 − 31), (944 − 41)

• F2
2 : 41, 63, 83, 812, 817−18

• F∞
1 : (821 − 818 − 31), (98 − 814), (923 − 92 − 31), (929 − 928 + 2(31)),

(9r
32 − 932), (9r

33 − 933), (939 + 72 − 41), (940 − 818 − 41 − 31)

• F2
1 : (8r

17 − 817)

• F1
1 : 61, 88−9, (810 + 31), (811 − 31), 820, (924 − 41), 927, (937 − 41), 941, 946

The classification is nearly complete, with the exception that the span in C of
the five knots shown in bold is not fully identified. Of these, the first is of algebraic
order two and the rest are algebraically slice. Each of the individual knots is of
infinite order in C. However, in [3] and in all subsequent work there has been no
success in ruling out any possible relations between these five, except for the fact
that any such relation must contain an even multiple of the first.

Thus the concordance classification of nine crossing knots will be completed by
answering the following question: For what integers a1, a2, a3, a4, a5 is the linear
combination

2a1J1 + a2J2 + a3J3 + a4J4 + a5J5

slice, with

J1 = 92 − 74, J2 = 821 − 818 − 31, J3 = 923 − 92 − 31,

J4 = 9r
32 − 932, J5 = 940 − 818 − 41 − 31?
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